Introduction
An isometry in an abelian lattice ordered group G was introduced by K. L. N. Swamy in [13] as a bijection f : G → G preserving the intrinsic metric d(x, y) = |x − y|, i.e. |x − y| = |f (x) − f (y)| for each x, y ∈ G. W. C. Holland [2] considered whether other intrinsic metrics might be naturally defined on a lattice ordered group. Isometries in non-abelian lattice ordered groups were studied by J. Jakubík [3, 4] . The mappings preserving the intrinsic metric d(x, y) (called weak isometries) in a representable lattice ordered group were dealt with by J. Jakubík in [5] . J. Rachůnek [12] generalized the notions of an intrinsic metric and of an isometry to any partially ordered group and investigated isometries in a 2-isolated abelian Riesz group. Isometries in Riesz groups and distributive multilattice ordered groups were examined by the author in [6, 7, 9, 10] . Weak isometries in directed groups were studied in [8] .
This paper is a contribution to the development of the theory of weak isometries in directed groups.
Section 3 is devoted to the generalization of a theorem known for some types of directed groups to all directed groups (see [10: Theorem 2.3] and [7: Theorem 9] ).
In Section 4 it is shown that subgroup symmetries are another basic type of weak isometries in directed groups besides right translations and that each weak isometry in a 2-isolated directed group or in an abelian directed group is a composition of a subgroup symmetry and a right translation. Subgroup symmetries are somewhat similar to axial symmetries in Euclidean plane.
In Section 5 it is proved that there exists a relation between stable weak isometries in 2-isolated abelian directed groups and the internal structure of these groups. and showed that in any 2-isolated abelian Riesz group H the mapping d : H × H → exp H defined by d(x, y) = |x − y| is an intrinsic metric in H.
In [11] it was shown that d(x, y) = |x−y| is an intrinsic metric in any 2-isolated abelian po-group.
A weak isometry f is called a stable weak isometry if f (0) = 0.
A weak isometry f is called an isometry if f is a bijection.
Note that if H is a group and c ∈ H, then the mapping f :
If f is a weak isometry in G, then the mapping g defined by g(x) = f (x) − f (0) for each x ∈ G is a stable weak isometry in G. Then f (x) = g(x) + f (0) for each x ∈ G. Thus each isometry can be represented as a composition of a stable weak isometry and a right translation. Hence, in order to find all weak isometries it suffices to determine all stable weak isometries. Every right translation is an isometry.
A mapping g of a set M into M is called an involutory mapping (or an involution) if g(g(x)) = x for every x ∈ M.
ON WEAK ISOMETRIES IN DIRECTED GROUPS
We will write g 2 (x) instead of g(g(x)).
We will need the following assertions and we will often apply them without special references.
A 1 . Each weak isometry in a directed group is a bijection [8: Corollary 5] .
(Hence the notions of an isometry and of a weak isometry coincide in any directed group, but do not coincide in any partially ordered group. This offers the possibility to omit bijectivity in the definition of an isometry for the case of directed groups. However, the above mentioned definitions of an isometry and a weak isometry have been used already for a long time and their changes could be confusing.) A 2 . Each stable weak isometry f in a directed group H is an involutory group automorphism and f (x) + x = x + f (x) for each x ∈ H [8: Theorems 3 and 6].
Weak isometries in directed groups
In this section there are found some important properties of weak isometries in directed groups, which are used in the next sections.
Throughout this section we assume that G is a directed group and f a weak isometry in G.
Similarly, from |a − y| = |f (a) − f (y)| we obtain
Since y ≤ a ≤ x, from (3.1) and (3.2) we get
P r o o f. Each weak isometry in G is a composition of a stable weak isometry and a right translation. Since each right translation satisfies the condition (3.3), it suffices to consider the case that f is a stable weak isometry in G.
Since each stable weak isometry in a directed group is an involutory group automorphism, in view of Theorem 3.1 we have u
The relation (3.3) was proved for 2-isolated abelian Riesz groups in [12] , for distributive multilattice groups in [7] and for all Riesz groups in [10] . Theorem 3.2 extends validity of the relation (3.3) for all directed groups.
Then g is a stable weak isometry in G. Thus f is the composition of the stable weak isometry g and the right translation by f (0). By
Stable weak isometries are subgroups symmetries
In the section the notion of a subgroup symmetry is introduced and it is shown that stable weak isometries in 2-isolated directed groups or in abelian directed groups are subgroup symmetries.
Throughout this section we assume that G is a directed group, f a stable weak isometry in G, A = {x ∈ G ; f (x) = x} and B = {x ∈ G ; f (x) = −x}.
Because f is an involutory group automorphism and
Further, we have
Since 2v ≥ −a, from (ii) we obtain 2v + a + f (2v) = 2v + a + 2f (v) ≥ −a, 2v + a + 2f (v) ∈ A. Then 2(2v + a + 2f (v)) ≥ 0 and hence 2v + a + 2f (v) ≥ 0. Therefore 2v + a + 2f (v) ∈ U (a, 0). Hence A is a directed subgroup of G.
and f is a group homomorphism, we have 2v
By Theorem 4.3, v * commute with x and y. Then −(x − y) + 2v * = f (x − y) + 2v * . This yields f (x − y) = −(x − y). Therefore B is a directed subgroup of G.
Further we have y − x = f (x − y) = f (x) − f (y) = −x + y. Hence x + y = y + x. Thus B is an abelian subgroup of G.
Since B is abelian, we have a = (a − z) + z = z + (a − z) = z − z − f (a) = −f (a). Thus f (a) = −a and hence a ∈ B. Therefore B is a convex subgroup of G.
(ii) Let x ∈ A ∩ B. Thus f (x) = x, f (x) = −x and hence 2x = 0. Since G is 2-isolated, we have 0 ≤ x = −x. Therefore x = 0. Theorem 4.5. Let G be abelian. Then B is a convex subgroup of G.
Let z, t ∈ B, a ∈ G, z ≤ a ≤ t. Then f (t) = −t ≤ −z = f (z). According to Corollary 3.2.1,
The following examples show that if G is not 2-isolated, for A and B the following relations can be valid:
Example 1. Let H 1 be the additive group of all integers with the natural order and let H 2 be the additive group of residue classes modulo 2 with the trivial order. Let H = H 1 × lex H 2 be the lexicographic product of the po-groups H 1 , H 2 . Then H is a non-isolated abelian directed group with zero element 0 = (0,0).
Let g(x) = −x for each x ∈ H. Then g is a stable isometry in H. Let a = (0,1). Then 2a ≥ 0, but a 0. So, H is not 2-isolated. The set A = {x ∈ H; g(x) = x} = {0, a} is not a directed subset of H. Further, B = {x ∈ H; g(x) = −x} = H. Thus A ∩ B = A = {0}. Example 2. Let H and a be as in Example 1. Let g(x) = x for each x ∈ H. Thus g is a stable isometry in H. The set B = {x ∈ H; g(x) = −x} = {0, a} is not a directed subset of H. Further, A = {x ∈ H; g(x) = x} = H, A ∩ B = B = {0}. Remark 1. If A = {0} (i.e. 0 is the only fixed point of f in G), then f (x) = −x for each x ∈ G. Thus B = G.
In fact, if x ∈ G, then according to Theorem 4.1 f (x)+x is a fixed point and hence f (x)+x = 0. Therefore f (x) = −x.
On the other hand, if G is 2-isolated and A = G, then B = {0}. Let us assume that x ∈ G and f (x) = −x. Then x = −x and hence 2x = 0. Since G is 2-isolated, we have x = 0.
Example 2 shows that if G is not 2-isolated and A = G, then B need not be {0}. If B = {0}, then A = G and hence f (x) = x for each x ∈ G. In fact, if x ∈ G, then Theorem 4.1 implies −x + f (x) ∈ B. Thus −x + f (x) = 0 and hence f (x) = x.
Example 1 shows that if G is not 2-isolated and B = G, then A need not be {0}.
Recall that the absolute value of an element x in a lattice ordered group (notation l-group) is the element |x| = x ∨ (−x) and two elements x and y in an l-group are called orthogonal or disjoint (notation x ⊥ y) if |x| ∧ |y| = 0.
It is well known, that if elements x and y in an l-group are orthogonal, then they commute, i.e. x + y = y + x. So, two elements in an l-group can be orthogonal only if they commute. Theorem 4.6 also shows the possibility to define orthogonality in directed group in the following way.
Elements x and y in a directed group H are orthogonal if x + y = y + x and |x + y| = |x − y|.
For orthogonality of two elements in directed groups we will use the same notation as in the case of l-groups.
From the definition of orthogonality of two elements in a directed group it follows that if x ⊥ y, then also x ⊥ (−y), (−x) ⊥ (−y), (−x) ⊥ y. 
On the other hand, if x ∧ y = 0, then
Let u ∈ |x + y| = U (x + y). Then u ∈ U (x − y, y − x) = |x − y| and hence |x + y| ⊆ |x − y|.
. Then a + b = a ∨ b and hence a ∧ b = 0. The rest is obvious.
(ii) Let G be 2-isolated, a ∈ A, b ∈ B. From Theorems 4.2 and 4.4 it follows that A and B are directed subgroups of G. Hence there exist a 1 , a 2 ∈ A + such that a = a 1 − a 2 and b 1 , b 2 ∈ B + such that b = b 1 − b 2 . In view of (i) we obtain that a + b = b + a.
Further, we have |a − b| = |f (a) − f (b)| = |a + b|. Therefore a ⊥ b.
P r o o f. Let x ∈ G. By Theorem 4.1 (i), −f (x) + x ∈ B and hence f (x) − x ∈ B. Then Theorem 4.8 (ii) yields (f (x) − x) ⊥ a for each a ∈ A.
In close analogy with the definition of an axial symmetry in the Euclidean plane R 2 we introduce the following notion of a subgroup symmetry.
Let H be a directed group, C a convex subgroup of H and d the mapping from H × H to exp H defined by d(x, y) = |x − y| for each x, y ∈ H.
A mapping g : H → H is called a symmetry with the respect to a subgroup C if the following conditions are satisfied for each x ∈ C, y ∈ H C: Let
From Theorems 4.11 and 4.12 we obtain the following theorem.
Theorem 4.13. Each weak isometry in a 2-isolated directed group or in an abelian directed group is a composition of a subgroup symmetry and a right translation.
Stable weak isometries and subdirect products
In this section it is shown that stable weak isometries in a 2-isolated abelian directed group G are directly related to subdirect decompositions of the subgroup G 2 = {2x; x ∈ G} of G.
Theorem 5.1. Let G be an abelian directed group, f a stable weak isometry in G. Let C = {f (x) + x; x ∈ G} and D = {−f (x) + x; x ∈ G}. Then C and D are directed subgroups of G.
Analogously we can show that D is a directed subgroup of G.
Let H be a po-group, P, Q, R subgroups of H. The subgroup R is called a subdirect product of subgroups P and Q (notation R = P ⊗ s Q) if the following conditions are satisfied:
1. each element x ∈ R can be uniquely represented in the form x = p + q, where p ∈ P, q ∈ Q (the elements p and q we denote by x P and x Q and call components of x in the subdirect factors P and Q, respectively),
2. x ≤ y if and only if x P ≤ y P and x Q ≤ y Q for each x, y ∈ R, 3. p + q = q + p for each p ∈ P, q ∈ Q, 4. for each p ∈ P the there exists x ∈ R such that x P = p and for each q ∈ Q there exists y ∈ R such that y Q = q.
In the case that R = P ⊗ s Q it is also spoken about the subdirect decomposition of the subgroup R.
If R = P ⊗ s Q, then clearly (x + y) P = x P + y P , (x + y) Q = x Q + y Q for each x, y ∈ R. Throughout the rest of this section we suppose that G is a 2-isolated abelian directed group, f is a stable weak isometry in G, G 2 = {2x; x ∈ G}, C and D are as in Theorem 5.1, A and B are as in Section 4.
Clearly, G 2 is a directed subgroup of G. From Theorem 4.1(i) it follows that C ⊆ A, D ⊆ B. Theorem 5.3. Let P, Q be subgroups of G, G 2 = P ⊗ s Q. Then |(2z) P − z| = |z| for every z ∈ G. P r o o f. Let z ∈ G. Let u ∈ |(2z) P − z|. Thus u ≥ (2z) P − z, u ≥ z − (2z) P . This implies 2u ≥ 2(2z) P − 2z = (2z) P − (2z) Q , 2u ≥ 2z − 2(2z) P = −(2z) P + (2z) Q . Then (2u) P ≥ (2z) P , (2u) Q ≥ −(2z) Q , (2u) P ≥ −(2z) P , (2u) Q ≥ (2z) Q . From this it follows that 2u = (2u) P + (2u) Q ≥ (2z) P + (2z) Q = 2z, 2u = (2u) P + (2u) Q ≥ −(2z) P − (2z) Q = −2z. Since G is 2-isolated, we obtain u ≥ z, u ≥ −z. Therefore u ∈ |z|. Hence |(2z) P − z| ⊆ |z|.
Let v ∈ |z|. Then 2v ≥ 2z, 2v ≥ −2z. This yields (2v) P ≥ (2z) P = 2(2z) P − (2z) P , (2v) Q ≥ (2z) Q , (2v) P ≥ −(2z) P = −2(2z) P + (2z) P , (2v) Q ≥ −(2z) Q . Hence 2v = (2v) P + (2v) Q ≥ 2(2z) P − (2z) P − (2z) Q = 2(2z) P − 2z = 2((2z) P − z), 2v = (2v) P + (2v) Q ≥ −2(2z) P + (2z) P + (2z) Q = 2z − 2(2z) P = 2(z − (2z) P ). Since G is 2-isolated, we have v ≥ (2z) P − z, v ≥ z − (2z) P . Hence v ∈ |(2z) P − z|. Therefore |z| ⊆ |(2z) P − z|.
Theorem 5.4. Let P and Q be subgroups of G. Let G 2 = P ⊗ s Q. Then the mapping g : G → G defined by g(x) = (2x) P − x for every x ∈ G is a stable weak isometry in G.
P r o o f. Let x, y ∈ G. In view of Theorem 5.3 we have |g(x) − g(y)| = |(2x) P − x − ((2y) P − y)| = |(2x) P − (2y) P − (x − y)| = |(2(x − y)) P − (x − y)| = |x − y|. Clearly, g(0) = 0.
